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Abstract 



o 

In this paper we will analyse the third quantization of a model of 
' super-group field cosmology with gauge symmetry. The effect of creation 

and annihilation of bosonic and fermionic universes in the multiverse will 
also be analysed. We will also construct a third quantized Noether's 
charge which will be conserved even when the number of universes is not 
conserved. Finally, we will construct both the third quantized BRST and 
the third quantized anti-BRST charges for this theory and use them to 
show that the creation and annihilation of universes is a unitarity process. 

cr: 

tJO 1 1 Introduction 

In loop quantum gravity the Hamiltonian constraint is expressed in terms of 
, Ashtekar-Barbero connection and densitized triad and the curvature of the con- 

nection is expressed through the holonomy around a loop PQ-[S]. The area 
operator in loop quantum gravity has a discrete spectrum and so it cannot take 
arbitrary small nonzero values. Furthermore, in loop quantum gravity has been 
studied using spin networks [III]- [13] and spin foam models [2]-[TH]. Spin foam 
models are generated by the time evolution of these spin networks. 



CO 

', Despite the success of loop quantum gravity, the process that change the 

topology of spacetime cannot be studied in it. This is because loop quantum 
gravity is a second quantized formalism, and just like the first quantized for- 
malism cannot be used to analyse the situation when the particle number is 
, not conserved, the second quantized formalism cannot be used to analyse the 

situation where the topology changes dynamically. To analyse such processes 
we have to resort to a third quantized formalism |19)-|22j. 

Third quantization of loop quantum gravity is called group fields theory, 
and it is a field theory on a group manifold [23] -[22]. However, at present this 
theory is not fully developed and understood. On the other hand minisuperspace 
approximations to loop quantum gravity called loop quantum cosmology are 
better understood [27]- [31]. The third quantization of such models is called 
group field cosmology [35]- [33]. Recently, a supersymmetric generalization of 
this loop quantum cosmology has also been made [35] . In the model thus, 
developed gauge symmetry was also incorporated. The BRST symmetry of this 
gauge invariant super-group field cosmology was also studied. 

It is known that for any theory with a gauge symmetry, there are unphysical 
degrees of freedom. These unphysical degrees of freedom have to be removed 
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before quantizing the theory. This is done by fixing a gauge. The gauge fixing 
is incorporated at the quantum level by adding a gauge fixing and a ghost 
term. The action thus obtained is invariant under a new symmetry called the 
BRST symmetry [35]- [3S]. It is also invariant under another symmetry called 
the anti-BRST symmetry |4Q]-[43]. In conventional gauge theories the BRST 
and the anti-BRST symmetries have been studied in various gauge [S]-[17]. As 
the super-group field cosmology has been found to possess a gauge symmetry, 
in this paper we will analyse the BRST and the anti-BRST symmetries for it 
in Landau gauge. We will also construct a third quantized Noether's charge, 
and show that this charge will be conserved in the multiverse, even though the 
number of universes is not conserved. 

2 Third Quantized Noether's theorem 

In this section we will construct a third quantized Noether's theorem. In a 
multiverse different universes can collide and get annihilated. Similarly, new 
universes can form from the collision of the previous universe. So, just like 
in a second quantized interacting field theory the particles number is not con- 
served, in a third quantized loop quantum gravity, the number of universes is 
not conserved. However, in a second quantized field theory, conserved charges 
can be constructed by using the Noether's theorem. This charges correspond 
to symmetries under which a second quantized field theory action is invariant. 
In a third quantized theory, we can also construct a third quantized version of 
the Noether's theorem. This will also correspond to symmetries under which 
a third quantized field theory action is invariant. Thus, in a multiverse, even 
after the creation of new universes these quantities will be conserved. In fact, 
these quantities will be conserved in any third quantized process, including the 
formation and evaporation of a black hole. Thus, this formalism can also be 
used to solve the information paradox in a black hole. 

In order to construct a third quantized Noether's theorem, we first some 
results in loop quantum cosmology PQ-[5]. In the loop quantum cosmology the 
curvature of A 1 ^ is expressed through the holonomy around a loop and the area 
of such a loop cannot cannot be smaller than a fixed minimum area because 
the smallest eigenvalue of the area operator in loop quantum gravity is nonzero. 
Furthermore, the eigenstates of the volume operator V are V\v) = 2ir'yG\v\\v) , 
where v = ±a 2 Vo/2TrjG has the dimensions of length. So, in Planck units the 
Hamiltonian constrain for a homogeneous isotropic universe with a massless 
scalar field </>, can be written as |48]-[4"9] 

K^{ V ,4>) = [E 2 -d^{ V ,cj>)=Q, (1) 

where vq = 4 and 

£ 2 $(^,0) = -[S(^)]- 1 C + (^)$(^ + 4,0)-[S(^)]- 1 C o (zy)$( i /,</)) 

-[BMl-'c-Mff,-^). (2) 

Now, Ki = E and K 2 — and -q^ = (1, -1), so we have -q^K^K^ = K 2 . 
Just as the wave function of first quantized theories is viewed as a classical 
field in second quantized formalism, the wave function of the second quantized 
theory is viewed as a classical field in third quantized formalism. Hence, the 
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wave function of loop quantum cosmology will now be viewed as the classical 
field of group field cosmology. So, we can write the free part of the group field 
theory as 

S b = I # 4>)K 2 <S>{v, 4>). (3) 

Thus, if for the third quantized action is invariant under some symmetry trans- 
formation 5, then we will have a conserved current corresponding to this sym- 
metry 



dC h 



where 



(4) 



(5) 



Furthermore, we have, J ^(y 1 <\>) = 0. We can now used the fact that the 
matter field act like the time variable, and define a Noether's charge as 



Q N (<j>) = J2 



-<J$(i/, 



(6) 



Thus, even when the new universes will form in a multiverse, this third quan- 
tized Noether's charge will be conserved. Furthermore, this charge will also be 
conserved during any topological change, like the formation and evaporation 
of a black hole. Thus, it seems that for quantum gravitational second quan- 
tized quantities are not conserved, but rather third quantized quantities are 
conserved. 

Now, we can also construct a a fermionic group field cosmology by using the 
analogy with a regular two dimensions theory fermionic [53] . Thus, we define a 
fermionic field as ^ a {v,(f>) = 4>), ^(^t </>))• The spinor indices are raised 

and lowered by the second-rank antisymmetric tensors C ab and C a b, respectively, 
These second-rank antisymmetric tensors also satisfy C a bC cb = S°. So, we 
have (^) a b = (Y) c a C cb = ( 7 ") 6a [54]. Now we define = {E^rf = 
(1,-1), K a b = (7 p )ab^- and and K 2 = [E 2 - d 2 ]. Now we can write the 
action for the fermionic group field cosmology as |35j 



(7) 



The classical equations of motion obtained from this action again generated 
the Hamiltonian constraint for the loop quantum gravity. We can now define a 
Noether's current for a fermionic field theory as 



J" fa, 



dC 



f 



where 



St 



E 



£ 



(8) 
(9) 
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We again have, K^J^iy, <p) — 0. So, we can again used the fact that the matter 
field act like the time variable, and define a Noether's charge as 



Qn{4>) = Y, 



<5* a O, <t>) 



(10) 



These charges will be conserved again even during the course of interaction of 
different universes in the multiverse. 



3 Supersymmetry 

In this section we will analyse the supersymmetric group field cosmology. These 
bosonic and the fermionic actions describe bosonic and the fermionic universes 
in the multiverse. Hence, we can construct a supersymmetric gauge invariant 
multiverse. To do so we define, two complex scalar super-group fields <fi, 9) 
and £tf(y, </>, 9) and a spinor super-group field Y a (v,cf),9). All these fields are 
suitably contracted with generators of a Lie algebra, [Ta,Tb] = if AB Tc, 

n{v,<t>,6) = n A (v,4>,6)T A , 
&{v,<t>,6) = tf A {v,<t>,9)T A 

T a {v,<f>,6) = T A {v,<j>,9)T A , (11) 

These superfields transform under infinitesimal gauge transformations as 

5Q A (u,4>,9) = tf A B A c (v,&9)n B (v,&9), 
SQ A ^u,4>,9) = -if A B tl c i(v,ct>,d)A B (v,4,,9), 
5T A {v^,9) = V a A A (v, ( f ) ,9). (12) 

Now we define a super-covariant derivative of these superfields as 

v a n A {v^,9) = D a n A (v,&e)-if£ B T c a {v,<i>,e)si B {v,<j>,e), 

V o fi A W,0) = D a Sl A \ v ^ : 9)+if A B n c \ Vl 4>,9)T B ( Vl 4>,9), (13) 

where D a = d a + K%. We also define u a (v, <f>, 9) = V b V a r 6 (j/, 0, 9). We can 
write the action for the gauge theory as [35 j 

s ga = I d< t> [D 2 [rt(v,<t>,e)v 2 n(v,<p,e) 

+uj a (v,<t>,6)L Ja (v,<p,9)}} l . (14) 

As this theory has a gauge symmetry, as it is invariant under the super-gauge 
transformations. We can now define a Noether's current for this supersymmetric 
field theory. We can then define a Noether's charge for it as 



Qn{4>) = E 



>)C "" ;S d>, 9) + = J*f 9 \ a , S tf(v, 0, 9) 



dCga 



d^T a {v, 0, 9) 



(15) 
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where 



r 



(16) 



We need to fix a gauge before we can quantize it. Thus, we chose the 
following gauge 35 

D a T a (v,ct>,6) = 0. (17) 

This can be incorporated at a quantum level by adding the following gauge 
fixing term to original classical action, 



S gf = J2 I ^ [D 2 [B{vA,0)D a T a {v,<p,6)]]\ 



(18) 



where B(i/,(f>,0) = B A (is,<j),6)T A is a auxiliary superfield. This field can be 
integrated out, in the path integral formalism, to impose the gauge fixing con- 
dition. Now we can write the ghost term by gauge transforming the gauge fixing 
condition, replacing A(is,(f>,6) = A A (is, tfi, 9)Ta by ghost superfield C(y,(f>,6) = 
C (v,cf),6)TA and then contracted it with anti-ghost superfield C(is,<f>,6) — 
C A (v,cjs,9)T A , 



S 9h = Y. J ^ [D % [C{vA,0)D a V a C{v,ct>,l 



(19) 



Now the combined action S = S ga + S g h + S g f is invariant under the third 
quantized BRST transformations are given by 



sQ, A (is,ct> 

sC A (v,(j) 
sT A (v,cf> 

sC (v, <fi 
sB A (v,(j) 



if£ B C c (v,^,6)n B (is,<P,6), 

-if£ B n c i(v,4>,e)c B (is,<t>,d), 

f A B C c ^ (is, cf>,9)C B (is, </>,&), 

v a c A (is,<t>,e), 

B A (is,<p,e), 
o. 



(20) 



This action is also invariant under the following anti-BRST transformations. 



sQ. A (v,(t) 
s^l A \v,(t> 
sC (y,§ 

sC A (v,(j) 
sB A (v,(/) 



-i^ B n c \v,4>,e)c B ( v ,cj>,e), 

j A B C C (vA,d)C B (v,i>,d), 
V a C A (is,<j>,e), 

~B A (is, 0, 9) + ! A B C C (v, <t>, 9)C B (is, 0, 

f^ B c c ( v ,cjs,e)B B (v, ( i ) ,e). 



(21) 



Both these transformations are nilpotent, s 2 



0. In fact, they also 



satisfy, ss + ss = 0. The sum of the ghost term with the gauge fixing term can be 
written as a total third quantized BRST or a total third quantized anti-BRST 
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variation 



S g h + S gf = / d<j> s[D 2 [C{v,^6)D a T a {v,^6)]]\ 

= d4>a[^ 2 [C^4>,e)D a r a {v,4>,0)]] ] . 



This can also be be written as 



S gh + S gf - l -Y^J d^-s S [D 2 [T a ( Vl ^6)T a ( V ,4>M\\ 



(22) 



(23) 



Thus, the sum of the gauge fixing term and the ghost term can be expressed as 
a combination of third quantized BRST and third quantized anti-BRST trans- 
formations. 



4 Unitarity in the Multiverse 

Now in the multiverse the universe can collide with each other to form other 
universes. From the point of view of a single universe, this collision will appear 
as the big bang in which it was formed. It is possible that even our own universe 
formed because of the collision of two previous universes. In a second quantized 
theory, it is possible to show that when the BRST or the anti-BRST transfor- 
mations are nilpotent, the resultant quantum field theory is unitarity. We have 
seen that the third quantized BRST and the third quantized anti-BRST trans- 
formations are nilpotent. Thus, in this section we will show that creation and 
annihilation of universes in the multiverse is described by a unitarity process. 

We first note that it is possible to construct Norther's charges corresponding 
to the BRST and the anti-BRST symmetries of group field cosmology with a 
gauge symmetry. The Norther's charges corresponding to the BRST is given by 



Qb = E 



dC 



eff 



dd4,T a (y,<l>,0) 



sT a (u, 0, 9) 



eff 



- s C{y, <!>,&) ■ 



dCeff 



s C{v, <p, 9) 



+ 



dd^C{u, 0, 6) 

d£eff 



sB(u, 4>, 9) 



s fi(i/, 0, 9) + aQ df e// a fi f (u, 0, 9) 



and the Norther's charge corresponding to the anti-BRST is given by 



(24) 



Qi 



E 



dC 



+ 



dd+T a iy,<l>,6) 

d£eff 



?ll—sT a (v,<j>,0) + 



dC 



eff — 



dd+Ciy, ^9) 



sC{u, <j>, 9) 



<p, 9) 



dCeff -sB(v,4>,t 



dd^B{ Vl 0,0)' 



dC 



dd^{v, 0, 9) 



^-sJ](y, </>, 9) 



dC 



dd+ttiy, <]>, 9) 



ZlL—8Qt(v, 0, 9) 



(25) 
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where 

S = W#£ e// . (26) 

v •* 

It may be noted that we have again used the fact that matter fields act like the 
time variable in this formalism. 

Now these charge associated with the BRST and the anti-BRST symmetries 
transformation commutes are conserved. These charges are also nilpotent 

Qb = Ql = 0. (27) 

Now we define physical states as states that are annihilated by Qb, Qb\4>p) = 0, 
or as states that are annihilated by Q B , Qb\4>p) = 0. The inner product of those 
physical states, which are obtained from unphysical states by the action of these 
charges, vanishes with all other physical states. Thus, all physical information 
lies in the physical states which are not obtained by the action of these charges 
on unphysical states. 

Now if the asymptotic physical states are \out,a) and \in,b), then a typical 
5-matrix element can be written as 

(out\in) = (pa\S^S\pb). (28) 

As the states S\(j) p b) must be a linear combination of states physical states. So 
we can write _ 

{pa\S^S\pb) =2(pa|5t|0,i)(0,i|5|p6>. (29) 

i 

Since the full 5-matrix is unitary this relation implies that the S'-matrix re- 
stricted to physical sub-space is also unitarity. Thus, the scattering of universes 
in a multiverse is a unitarity process. 



5 Conclusion 

In this paper we first reviewed group field theory as third quantized loop quan- 
tum gravity. We analysed the properties of a supersymmetric group field theory 
with a gauge symmetry. It was demonstrated that in a multiverse different 
universes can collide and get annihilated. Furthermore, new universes can form 
from the collision of these previous universe. So, a third quantized Noether's 
charge was constructed. This charge was conserved in the multiverse, even 
when the number of universes was not conserved. We also analysed a model of 
group field cosmology with gauge symmetry. This gauge symmetry was fixed to 
give rise to third quantized BRST and third quantized anti-BRST symmetries. 
The total Lagrangian that was obtained by a sum of the original Lagrangian 
with the gauge fixing term and the ghost term was invariant under both these 
third quantized transformations. Furthermore, the third quantized Noether's 
charges, corresponding to the invariance of the group field cosmology under the 
third quantized BRST and third quantized anti-BRST transformations, was also 
constructed. These charges were used to demonstrated that the formation of 
universes in a multiverse is a unitarity process. 

It would be interesting to carry this analyses for the super group field cos- 
mology in non-linear gauges. It is known that in this gauges the sum of the 
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gauge fixing term and the ghost term can be expressed as a total BRST or a 
total anti-BRST variation in gauge theories [55]. It will be interesting to anal- 
yse if a similar result holds here. It may be noted that both the fcrmionic and 
bosonic group field theory have been studied and color has also been incorpo- 
rated in group field theory [50] -[51]. It would thus be interesting to analyse a 
supersymmetric group field theory with gauge symmetry. This way we will be 
symmetrizing the full group field theory. We will be able to develop that theory 
in analogy with the usual gauge theory. It will be possible to derive this theory 
in superspace formalism with manifest supersymmetry. 



Appendix 



When ever the sum of the gauge fixing term and the ghost term can be written 
as a combination of the total BRST and the total anti-BRST variation, the total 
Lagrangian density is invariant under a set of symmetry transformations which 
obey a SL(2, R) algebra called Nakanishi-Ojima algebra [52 . We will show that 
this algebra also hold for this group field cosmology. To do so we first define 
the following transformations, 



Si C A {v,4>, 


9) = 0, 


Si B A (yA 


,6) = f A c C B (u, 




Si T a (v,(f>, 


6) =0, 


5iC A (vA 


,9) = C A {vA,0) 


• 


Si n A (v, cj>, 


6) = 0, 


Si n A H», 


f>,0) = 0, 




S 2 C A (v^, 


9) = 0, 


Si B A {vA 


,9) = f A c C B {v 1 






9) = 0, 


52~C A (vA 


A) = C A (vA,0) 




s 2 n A {v, <j>, 


9) = 0, 


S 2 


t>,0) = 0. 





(30) 



Now we can see that these transformations, the BRST transformation and the 
anti-BRST transformation along with the FP-conjugation denoted by Sfp, form 
the Nakanishi-Ojima SL(2, R) algebra, 



[s,s]* = 0, 

ML = o, 

[<*i,<W]* = -4<5i, 

MiL = o, 

[s,S 2 l=2s, 



[s,s]* = 0, 

[£i,<y* = -2s FP 

[5 2 , Sfp}* = 4J 2 , 
[s, Sfp}* = 2s, 
[s,5i}* = ~2s, 

[s,<y* = o. 



(31) 
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